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A method of improving  the convergence  of s e r i e s  used  in solving heat-conduct ion equations by 
the method of finite in tegral  t r a n s f o r m a t i o n s  is examined.  The method const i tu tes  an ex ten-  
sion of G. A. G r i n b e r g ' s  p rocedure  to heat -conduct ion p rob lems .  

A grea t  deal of attention has  recen t ly  been paid to quest ions of using finite integral  t r a n s f o r m a t i o n s  
in p rob l ems  of t r ans i en t  heat  conduction [1, 2]. A. V. Lykov [2] set  out the advantages  of this  method in 
detail  and also noted one se r ious  disadvantage,  namely ,  the nonuniform convergence  of the s e r i e s  obtained 
as  a resu l t  of the solution at the boundar ies  of the r anges  of var ia t ion  of the t r an s fo rma t ion  var iab le .  

One method of e l iminat ing this  shor tcoming  was p roposed  in [3]; it was d iscussed  in detail and fu r the r  
developed in [2]. The e s s ence  of the p r o c e s s  amounts  to the solution of an auxi l ia ry  q u a s i - s t e a d y - s t a t e  
heat-conduct ion p rob l em  with co r respond ing  boundary conditions. 

In this  pape r  we shall  cons ider  another  method of improving  the convergence  of the s e r i e s ,  not in-  
volving the solution of auxi l ia ry  heat -conduct ion boundary p rob l ems ,  but enabling us to improve  the co n v e r -  
gence of solutions obtained by the method of finite in tegra l  t r an s fo rma t ions  in a ve ry  s imple  and phys ica l ly -  
t r a n s p a r e n t  manner .  This  p rocedu re  amounts  to an extension of G. A. G r i n b e r g ' s  method [4] to hea t - con -  
duction p rob l ems .  

It was shown in [4] that the r eason  for  the poor  convergence  of the s e r i e s  const i tut ing the solutions 
of boundary p r o b l e m s  with inhomogeneous boundary conditions obtained by the method under considera t ion  
lay in the fact  that  the s e r i e s  were  incapable of sa t is fying inhomogeneous boundary conditions,  whe reas  in-  
dividual t e r m s  in these  s e r i e s  did sa t i s fy  homogeneous  conditions. Hence in the neighborhood of the i n t e r -  
val  boundar ies  the s e r i e s  converged in a nonuniform manner .  

Let  the solution to the l inear  heat -conduct ion  p rob lem obtained by the method of finite integral  t r a n s -  
fo rma t ions  be known: 

t (x, "0 = ~ ,~ ('~) K,, (x). <1) 
a = l  

Let us set  up an expres s ion  of the fo rm 

, c,  : v v 
n = l  

where V(x, T) iS a ce r ta in  function sa t i s fy ing the same  boundary conditions as the solution (1). 

If then we can expand the function V(x, T) in a genera l ized  Fou r i e r  s e r i e s  with r e spec t  to the e tgen-  
functions Kn(x), and if we a lso  have an analyt ical  express ion  fo r  V(x, T) in c losed fo rm,  the p rob lem of 
improving the convergence  of the s e r i e s  (1) will be solved. The point is that  the s e r i e s  in (2) sa t i s f i e s  
homogeneous boundary conditions and converges  uni formly  over  the whole range  of var ia t ion  of x. 

The actual  de terminat ion of the function V(x, T) is based  on a cons idera t ion  of the S turm--Liouvi l le  
p rob l em for  the co r respond ing  ord inary  different ial  equation (which a r i s e s  on cons t ruc t ing  the kernel  of 
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the t r ans fo rmat ion  with r e spec t  to x), 
or  general ized) .  

The f o r m  of v(X, T) also depends on the boundary conditions of the heat-conduct ion p rob lem under  
considerat ion.  

F o r  example ,  let  the solution (1) be obtained for  boundary conditions of the f i r s t  kind, i . e . ,  

t (0,  ~) = % (~), 
- (3) 

t ( l, "0 = % ( ' 0 .  

Then according to [4] the function V(x, r) t akes  the fo rm 

a~ (x, o) a~ (x, 0 
V (x, x) = o h (x) G~ (0 + 0, 0) + c% (x) G~ (! - -  0, /) ' (4) 

where G(x, ~) is the Green ' s  function of the boundary problem:  

d2K 
- -  - l -  ~ K  = o ,  ( 5 )  
dx" 

g (0) = K (t) = O. (6) 
In this case  G(x, ~) is given by the equation 

and on the set t ing up of the cor responding  Green '  s function (ordinary 

x (l  .... ~) for x < ~, 
l 

(l  - -  x)  for x > L 
l 

O(x, ~)-- (7) 

Substituting (7) into (4) and making some t r ans fo rma t ions ,  we obtain 

V(x' x ) = ~  + % ( ' 0  x--'l 

On the other  hand, by using the b i l inear  fo rmula  for  the G r e e n ' s  function we have: 

v (x, ~) :- 2 ----%.2_ 1~1 (~) + ( _  1 ) , , -~  (~)1 ~inl_~,,x, 
~ " ~  I~ 

(8) 

(9) 
n = l  

where #n = vn / l  i s t h e  s y s t em  of e igenvalues  of the p rob lem (5), (6). 

Returning to Eq. (2), we note that we may  subt rac t  the function V in the f o r m  of Eq. (9) and then add 
V in the f o r m  of Eq. (8). The s e r i e s  so obtained has  a be t t e r  convergence.  The construct ion of the func-  
tion V in the f o r m s  (8) and (9) is valid,  since zero  is not an eigenvalue of the cor responding  S tu rm- -L iou -  
vi l le  p rob lem.  

When one of the e igenvalues  of the Sturm--Liouvi l le  p rob lem equals  zero,  the construct ion of V(x, T) 
has  to be based on the genera l ized  G r e e n ' s  function G*(x, ~). 

F o r  example ,  let  us  suppose that boundary conditions of the second kind a r e  specif ied in t e r m s  of the 
va r i ab le  x: 

Ot (0, x) = % (~), 

,lv (10) 

at (l, ~) _ % ('0. 
Ox 

~) is in this  case  defined as the continuous solution of the equation The genera l ized  G r e e n ' s  function G*(x, 

d~a * (x, ~) _ K o  (x) Ko  (~) - -  8 (x - -  ~) 
dx ~ 

(11) 

(12) 

with boundary conditions 

~*' (0, ~) = G*' (t, ~) = 0 ,  

where K 0 is the nontr ivial  normal ized  solution of the equation 

454 



T
A

B
L

E
 

1.
 

V
al

ue
s 

of
 t

he
 

G
re

en
's

 
F

un
ct

io
n 

an
d 

th
e 

F
un

ct
io

n 
V

(x
, 

~-
) 

fo
r 

V
ar

io
us

 
C

om
bi

na
ti

on
s 

of
 

B
ou

nd
ar

y 

C
on

di
ti

on
s 

T
yp

e 
of

 b
ou

nd
ar

y 
co

nd
it

io
ns

 
G

re
en

's
 f

un
ct

io
n 

G
(x

, 
~)

 

bi
li

ne
ar

 f
or

m
ul

a 
cl

os
ed

 f
or

m
 

I 
t 

(0
, 

~)
 =

~0
dx

) 

I 
t 

(1
, 

x)
 =

 o
~(

x)
 

O
t 

(0
, 

x)
 

II
 

O
x 

" 
~ 

O
t (

l,
 

~)
 

II
 

O
x 

=(
o~

(x
) 

Il
l 

O
t(O

, 
x)

 
O

x 
hq

O
, 

x)
'=

.: 
--

 h
lc

 

O
t (

L 
z)

 
II

I 
' 

q 
ht

 (
l,

 
~)

 
: 

ht
e 

O
x 

] 
t (

0,
 "

0 
= 

o~
(r

) 
O

l (
l,

 
~)

 
11

 
-

-
-

-
 

oz
(x

) 
O

x 

O
t 

(0
, 

~)
 

1I
 

-
-

 
:-

 (
o~

(~
r 

O
x 

1 
t (

l, 
x)

 =
 0

)~
(~

) 

21
/~

 
si

n 
-~

- 
si

n.
 

CO
S 

..
..

 
C

O
S 

21
 

~ 
l 

l 

9-
f~

 
1~

 2 

I 
t 

(0
, 

x)
 =

 +
,)t

('r
) 

O
t (

l,
 

x)
 

II
I 

O
x 

~-
 h

t 
(l

, 
T

) 
-=

l/
i 

c 

T
yp

e 
of

 b
ou

nd
ar

y 
co

nd
ti

on
s 

O
t (

0,
 

x)
 

~I
 

.
.

.
.

.
 

~
(x

) 
O

x 

ot
 (

t,
 

~)
 

i
l

l
-

-
-

!
 

hi
(l

, 
~)

 =
 

hi
c 

0x
 

Jl
I 

O
r(

O
, 

~)
 

__
hi

(O
, 

r)
 :

--
ht

c 
O

x 

O
t 

(0
, 

r)
 

1|
I 

hl
 (

0,
 x

) 
--

--
hi

 
c 

O
x 

O
t (

l, 
~)

 
II

 
--

--
--

 
:=

 o
~(

~)
 

O
x 

2 
'~

 
(~

t,t
 co

s 
!t

nx
 

}-
 h 

si
n 

~n
x)

 (
~t

a 
co

s 
~n

~ 
,'q

- h
 s

in
 P

m
~)

 

,q
 .=

1 

rt=
~l

 

8l
 

~ 
co

s 

(2
n 

--
 1

) u
x 

(2
n 

--
 1

) 
.-t

~ 
si

n 
si

n 
2l

 
2l

 
(2

n-
- 

1)
 z 

(2
n 

--
 1

) n
x 

(2
n-

- 
I)

 ~
 

CO
S 

2l
 

21
 

(2
n

- 
1)

 ~ 

(P
'7;

 -~
 h

~'
) s

in
 ~

tn
x 

si
n 

I-
tn

~ 
2 

" 
2 

rl:
 

1 
~

tn
[l

(~
tn

l-
h"

~
)q

-h
] 

FU
nc

ti
on

 V
 (

x,
 r

),
 w

hi
ch

 i
s 

ad
de

d 
to

 t
he

 s
ol

ut
io

n 

2 
~ 

(~
 +

2 
h=

) c
os

2 ~
t~

x c
os

 ~
t,~

 

,,=
~ 

I=%
 it

 (
~a

 -
k 

h 2
) q

- 
hl

 

(p
,sn

 -i
- h

 ~'
) s

in
 [

tn
 (

l -
- 

x)
 s

in
 }

~n
(l 

--
 ~

) 
2 

n=
~Z

'~ 
~t

2n
 [l

([
~ 

q-
 h

 2)
 -I

- 
h]

 

(~
 

i- 
h ~

) c
os

 r
~

 (
l -

- 
x)

 c
os

 ~
 

(t
 -

- 
~)

 
2 

n=
lT

' 
P?

n I
I (

p-
2 n 

-k
 h

2)
 q

- 
/q

 

x 
(z

 -
- 

~)
 

l 

(z
--

 x
) 

l 

2l
 

3 

x"
-!

-~
=

 
. 

l 

2l
 

(1
 -

!-
 h

X)
 0

/h
 +

 
Z -

- 
.~

) 
2 

-I
- 

hl
 

(l
 -

I-
 h

E)
 (

l/
h 

-I
- 

l -
-x

) 
2 

q-
 M

 

x I-
-X

 

] xl
l.

q-
h(

l-
-~

)l
 

1 
-+

- h
i 

II
 -

F 
It 

(Z
 -

- 
x)

l 
l 

q-
hi

 

su
bt

ra
ct

ed
 f

ro
m

 t
he

 s
ol

ut
io

n 
1 -i?

 I
-z

- 

l 

(1
 

[- 
hx

) 
(l

 -
- 

~)
 

I 
-I-

 h
l 

(I 
-I-

 h
~.)

 (
z 

--
 x

) 

1 
-t

-h
x 

h 

1 
+h

~ 
h 

L
it

er
at

ur
e 

fO
~ 

X
<

~
 

fo
r 

X
>

~
 

fo
r 

x<
~

 

fo
r 

x>
~

 

fo
r 

x<
g 

fo
r 

x>
~

 

fo
r 

x<
~

 

fo
r 

'" 
~ 

fo
r 

~<
~ 

fo
r 

x>
~

 

fo
r 

x<
~

 

fo
r 

x>
~

 

fo
r 

x
<

~
 

fo
r 

x>
~

 

fo
r x

<
~

 

fo
rx

>
~

 

fo
rX

<
~ 

fo
rx

>
~

 



i 

T
A

B
L

E
 

1 
(c

o
n

ti
n

u
ed

) 

T
yp

e 
of

 b
ou

nd
ar

y 
co

nd
it

io
ns

 
Fu

ct
io

n 
V

 (
x,

 z
) 

w
hi

ch
 i

s 

ad
de

d 
to

 t
he

 s
ol

ut
io

n 

�9
 

X
 

su
bt

ra
ct

ed
 f

ro
m

 t
he

 s
ol

ut
io

n 

~-
n~

_~
l 

[O
~(

X
) "

- 
(-

- 
l)'

~'
kO

.,(
X

)]
 s

in
 

t 

x[
 

] 
= 

2.1
_/ 

" 
(-

-I
) n

 O
~(

T)
 -

- 
0 

t 
(~

) 
CO

S 
~ 

n 2
 

l 

1 
t(

O
, 

x)
: 

0~
('

q 

I 
t 

(t,
 

"0
 =

 
od

'O
 

O
t (

0,
 x

) 

ot
 (

t, 
~)

 
II

 
O

x 
o~

('r
) 

O
t (

0,
 ~

) 
II

I 
-

-
 

ht
 (

if,
 x

) 
:=

 -
-h

l c
 

O
x 

O
t (

t, 
~)

 
tl

i 
~ 

ht
 (

[,
 "

~)
 =

 
M

c 
O

x 
I 

t 
(0

,' 
~)

 =
-o

h(
~ 

) 

II
 

O
t (

l, 
"c

) 
~x

 
=

od
z)

 

O
t (

0,
 x

) 
II
 

-
-

 
: 

ah
(z

 )
 

dx
 

] 
t 

(/
, 

"0
 =

 
tO

l('
~)

 

I 
t 

(0
, 

~
)=

 
~

(*
) 

O
t (

l, 
~)

 
II

I 
~

"
 

+
 h

t 
(l

, 
x)

 =
= 

ht
c 

O
x 

O
t (

0,
 "

0 
1I

 
--

 o
l(

r 
) 

O
X 

...
.. 

+
 

ht
 (

l, 
x)

 =
 h

tc
 

O
x 

O
t (

0,
 ~

) 
]1

1 
-

-
 

ht
 (

0,
 x

) 
=

--
 h

tc
 

O
x 

I 
t 

(1
, 

"0
 =

- 
oz

(~
) 

Il
l 

0t
 (

0,
 

x)
 

ht
 (

0,
 ~

) 
:~

 
ht

c 
ax

 

at
 (

t, 
x)

 
II

 
-

-
 

= 
(%

(1
) 

O
x 

o,
(*

) od
~)

--
(o

~(
~)

 (
l-

-x
) 

! 
. 

1 
-}

-h
 (

l-
-x

) 
, 

ht
cx

 ..
.. 

1 
+

~
l 

' 
1 

-}
-h

i 

. h
te

 (
l.

--
.x

) 
1 

-]
- 

hx
 

I 
+h

i 
+ 

(%
{r

) 
"1

 +
ht

 

1 
4-

h
x 

tc
 +

 
co

2(
xj

 
~ 

4h
t 

~ 
tt~

 c
os

 [
~n

x 
-~

- h
 s

in
 ,~

nx
 

4 
~ 

1 
[ 

(-
-l

)n
-t

2t
 

] 
(2

n-
-l

),
~

x 

~
1 

~2
n +

 
h2

 
ht

r 
] 

si
n 

~t
,ix

 
2 

[ LO
~ (

x)
 

--
 

= 
Ix

n[
l 

(It
2n

 q-
 h

 2)
 ,

'-[
- h

i 
)#

 ,
~

2-
~

 
J 

**
 

[ 
ht

c 
] 

n~
=t

 
IxZ

n +
 

ha
 

r 
(x

) 
--

 
.. o

 _
_-

-K
'. �

9 ~
 [s

in
 ,

tt
n(

l-
-x

 
2 

~n
[l

 (
1~

 +
 M

') 
+

 
It]

 
V 

~n
 -

fin
 

a 

r,~
 +

 
h ~

" 
....

. [
 

ht
~,

 
_~

 ~
.<

~)
 ]

 c
o~

,.,
~t

l-
- 

~ 
2 

=1
 ~

,~
lt 

(r
~-

t-
~ ~

) +
 

h
lL

V
~ 

- 
~ 

L
it

er
at

ur
e 

[4
1 14
] 

T
hi

s 
pa

pe
r 



d2K ' 
dx  ~ - -  O, (13) 

sa t i s fy ing  the boundary  condi t ions  

K '  (0) = K'  (z) = 0. (14) 

Solving the boundary  p r o b l e m s  (13), 
between K and G*(x, }), a f t e r  a few t r a n s f o r m a t i o n s  we obtain 

x o- , ~2 l 

2l ~- 3 
6* (x, ~) = 

X ~ -I- .~ l 
2 - - - - ~  + --~ - - x  

(14) and (11), (12), and a l lowing fo r  the condit ion of o r thogona l i ty  

for x < ~, 

for x > ~. 

(15) 

Subst i tut ing (15) into G. A. G r i n b e r g ' s  equat ion f o r  V(x, T) in the c a s e  of a z e r o  e igenvalue  

G* (x, O) G* (x, l) (16) 
V(x,  '0 = ,,>, (~) -G;'(o - o, o) - !  ~ ( 0  ~ ; ' ( z - -  o, z) ' 

a f t e r  some  ca lcu la t ions  we obtain 

2-  L \  / ) 3 _[ - -  2 -  ~ ( '0/ 1-- ~-  . (17) 

Using  the b i l inea r  equat ion fo r  the g e n e r a l i z e d  Green '  s function,  by ana logy  with the e a r l i e r  p rob lem,  
we obtain an e x p r e s s i o n  f o r  V in the f o r m  of the fo l lowing s e r i e s :  

m 

_ n n x  (18) V ( x ,  "r)= 2 ~I~ (--  l)" r ('r) - -  ~  (r) c o s - -  
~t~ ~ n '  l 

Here  we m u s t  r e m e m b e r  tha t  the s e r i e s  f o r m i n g  the solut ion is 
co 

t = t - iK .  -+-]~ 7. (~) K. (x), (19) 
t ~  ] 

where  t o and K 0 a r e  e x p r e s s i o n s  c o r r e s p o n d i n g  to the z e r o  e igenvalue  (for example ,  if K n = 4-~-~eos(nTrxA),  
then K 0 = 1/41). 

If on the r i gh t -hand  side of Eq. (19) we add V in the f o r m  (17) and s u b t r a c t  V in the f o r m  (18), we ob-  
ta in  a solut ion in which the s e r i e s  has  a c o n s i d e r a b l y  b e t t e r  conve rgence .  

The fo r ego ing  method  of c o n s t r u c t i n g  the aux i l i a ry  funct ion in two f o r m s  m a y  be extended to c a s e s  of 
v a r i o u s  o the r  boundary  condi t ions .  The funct ion V(x, r) was  p lot ted  fo r  a few sueh e a s e s  in [4]. 

In this  p a p e r  we p r e s e n t  the funct ion v ( x ,  ~) f o r  a n u m b e r  of combina t ions  of boundary  condi t ions  in 
the C a r t e s i a n  coo rd ina t e  s y s t e m  (Table 1). 

By way of example ,  let  us  c o n s i d e r  improv ing  the c o n v e r g e n c e  of the s e r i e s  f o r  the p rob lem:  

Ot O'-t 
O~ = a --Ox.,_ :- w,> (x, "0, t (x O) = f (x), 

f o r m  

at  (0, ~) Ol (I, r) 
hi (0, .r) = - -  hlc, - - - -  + ht  (l, T) = ht~. (20) 

0,r 0x 

The solut ion of the p r o b l e m  (20) obta ined by the method  of finite in tegra l  t r a n s f o r m a t i o n s  takes  the 

. 7  . 

t = 2 V exp (--  al~] x) (g,, cos p,,x !- h sin tt,,x) 
(p~ - : -  h ~) l ~'- 2// 

-~ l 

0 0 

l 

' + ; [  (x) (1% cos p,x + h sin ~t,,x) dx ' 2htc Iexp (att~T) - -  11 } 
0 p,,. ' I 

(21) 
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Using the expression for V given in Table 1 (case HI) we may improve the convergence of the ser ies  (21). 

(!~,, cos/x,~x :L h Sin la~x) 

After some simple t ransformat ions  we obtain 

exp (-- a~x) 
t .... t c + 2  "t o ' h ~)l-l-2h 

n=t q;~=- 
(22) 

;< [ .- ,_.- t [ f ~o(.,. ' ~)(~t,~ coslx,x_l hsin~t~x)dx] exp (alx~X)d~ ~ .f/(x) (~tdcos ~,,x + hsinlxr, x)dx - 2hle~,~ !t" 
0 O 0 

It is not hard to see that Eq. (22) eo}neides with the solution of the analogous problem of [5], in which 
the inhomogeneous equations are allowed for by using the solution of an auxiliary steady-state heat~on- 
duetion equation. 

t(x, v) 
tn(V) 

N O T A T I O N  

Kn(X) 
1 is the thickness of plate; 
(0, l) is the range of the variable x; 

is the point inside the range (0, /); 
6(z) is the Dirae delta function; 
a is the thermal  diffusivity; 
w0(x, r)= w(x, v}/C; 
w(x, v) is the density of heat sources; 
C is the specific heat; 
h -- a/A is the relative heat-transfer coefficient; 
a is the hea t - t ransfe r  coefficient; 
X is the thermal  conductivity; 
tc is the temperature  of the medium. 

is the temperature;  
is the image function of temperature  in the method of finite integral 
t ransformations;  
is the system of eigenfunetions; 

Io 
2. 
3. 

4. 
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